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WEAK APPROXIMATION FOR CUBIC HYPERSURFACES AND
DEGREE 4 DEL PEZZO SURFACES
ZHIYU TIAN, LETAO ZHANG
Abstract. In this article we prove the following theorems about weak approxi-
mation of smooth cubic hypersurfaces and del Pezzo surface of degree 4 defined
over global fields. (1) For cubic hypersurfaces defined over global function fields,
if there is a rational point, then weak approximation holds at places of good re-
duction whose residual field has at least 11 elements. (2) For del Pezzo surfaces of
degree 4 defined over global function fields, if there is a rational point, then weak
approximation holds at places of good reduction whose residual field has at least
13 elements. (3) Weak approximation holds for cubic hypersurfaces of dimension
at least 10 defined over a global function field of characteristic not equal to 2, 3, 5
or a purely imaginary number field.
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1. Introduction
Let K be a number field or the function field of a smooth projective geometrically
connected curve B. Given a variety X defined over K, a natural question is to
understand the set of K-rational points X(K) of X. For many types of K-varieties
X, we study the set of rational points X(K) by inspecting its local behavior over
the completion K̂ν at each place ν of K. This naturally leads to the study of local-
global principles (i.e. Hasse principle and weak approximation) for X. The variety
X is said to satisfy weak approximation if for every finite set of places of K and
Date: August 20, 2018.
1
ar
X
iv
:1
51
1.
08
15
6v
1 
 [m
ath
.A
G]
  2
5 N
ov
 20
15
2 ZHIYU TIAN, LETAO ZHANG
points of X over these places, given N ∈ N we can find a K-rational point of X
approximating these points to the N -th order.
Smooth cubic hypersurfaces have served as a good testing ground for people to
investigate questions related to local-to-global principles. For a smooth cubic hy-
persurface of dimension at least 15 (or any other smooth hypersurface of sufficiently
large dimension) defined over the function field Fq(t), weak approximation is estab-
lished in [Lee]. Recent work of [BV15] shows that weak approximation holds for
cubic hypersurfaces of dimension at least 6 over Fq(t) with q not a power of 2 or
3. These results depend on the adaption of the circle method to the function field
case.
Yong Hu [Hu10] studies weak approximation for cubic surfaces defined over global
function fields K = Fq(B). He proves that if there is a rational point, then weak
approximation holds at a single place of good reduction for q ≥ 53 and the char-
acteristic is not 2 or 3, and weak approximation at zero-th order for finitely many
places of good reduction for q ≥ 11. In this article we improve his result as the
following.
Theorem 1.1. Let X be a smooth cubic hypersurface defined over the global function
K = Fq(B), the function field of a curve B defined over a finite field Fq. Assume
that X has a K-rational point. Then X satisfies weak approximation at places of
good reduction whose residue fields have at least 11 elements. In particular, weak
approximation at places of good reduction holds if q ≥ 11.
Here, a place ν of K is a place of good reduction for a smooth cubic hypersurface
X defined over a global function field K = Fq(B) if there exists a smooth projective
morphism X̂ → Spec (Ôν), such that the generic fiber is isomorphic to X ×K Kν
and the closed fiber is a smooth cubic hypersurface, where Oν is the ring of integers
for the local field Kν .
The same method also applies to weak approximation for a smooth del Pezzo
surface of degree 4. In this paper, we prove the following.
Theorem 1.2. Let X be a smooth del Pezzo surface of degree 4 defined over
K = Fq(B), the function field of a curve B defined over a finite field Fq. As-
sume that X has a K-rational point. Then X satisfies weak approximation at places
of good reduction whose residue fields have at least 13 elements. In particular, weak
approximation at places of good reduction holds if q ≥ 13.
Here, the definition of places of good reductions is similar to those of cubic hy-
persurfaces. Namely we require the existence of a smooth projective morphism
X̂ → Spec Ôν whose central fiber is a smooth del Pezzo surface of degree 4 (as
opposed to any smooth surface).
As a side remark, the anticanonical system gives an embedding of a del Pezzo
surface of degree 4 into P4 as the complete intersection of two quadrics. Hasse prin-
ciple and weak approximation for a smooth complete intersection of two quadrics
in Pn, n ≥ 5 is recently proved in [Tia15](the argument of weak approximation
is a geometric argument due to Colliot-The´le`ne, Sansuc, and Swinnerton-Dyer,
[CTSSD87a], [CTSSD87b]).
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Partial results of weak approximation for cubic hypersurfaces in Pn over a number
field are known either by the descent and fibration methods ([Har94, Har95, CTS89])
or the circle method ([Ski97, SJ13]).
In this paper we add the following new result to the list by a geometric argument.
Theorem 1.3. Let X be a smooth cubic hypersurface of dimension at least 10
defined over a global field K, which is either a purely imaginary number field or
Fq(B), the function field of a smooth projective geometrically connected curve B
defined over a finite field Fq whose characteristic is not 2, 3, 5. Then X satisfies
weak approximation.
Note that a smooth projective cubic hypersurface of dimension at least 8 defined
over a global field always has a rational point (the number field case is settle by
[BV14]).
The proof of the above theorems falls into two directions. The proof of Theorem
1.1 and Theorem 1.2 is based on the deformation theory of rational curves as devel-
oped by Kolla´r-Miyaoka-Mori [KMM92]. The proof of Theorem 1.3 is on the other
hand from geometric manifestation.
Acknowledgments. The authors are grateful to Brendan Hassett and Jason
Starr for very useful comments and discussions.
2. Preliminaries
In this section we will recall some important notions and constructions.
2.1. Formulation of weak approximation over function fields. Let k be a
field, either algebraically closed or finite, and let B be a smooth projective curve
over k, with function field K = k(B). We assume X is a smooth proper variety over
K.
Definition 2.1. A model of X is a flat projective morphism pi : X → B with generic
fiber isomorphic to X.
Each section of the model corresponds to a K-rational point of X , and vice versa.
Now we will unwind the definition of weak approximation for the case where X is
a smooth proper variety over K, and give the geometric formulation of X satisfies
weak approximation, which is equivalent to the definition in Section 1. For detailed
discussion one may find [Has10, Section 1] very helpful.
Given a sequence (ν1, . . . , νl) of finitely many places of K, each νi corresponds to
a closed point bi ∈ B. Let ÔB,bi denote the completion of the local ring OB,bi at
the maximal ideal mB,bi , and let K̂bi be the completion of K = k(B) at bi. Then
X satisfies weak approximation over (ν1, . . . , νl) if the image of the diagonal map
X(K) → ∏iX(K̂νi) is dense, where ∏iX(K̂νi) takes the product topology of the
ν-adic topologies. Now let us fix a model pi : X → B, a place νi, and a section ŝi of
the restriction
pi|
B̂bi
: X ×B B̂bi → B̂bi , B̂bi = Spec ÔB,bi .
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Note that ŝi corresponds to a point of X(K̂bi).
For each N ∈ N, basic νi-adic open subsets of an open neighborhood of ŝi in
X(Kνi) consist of sections t of pi|B̂bi , such that t is congruent to ŝi modulo m
N+1
B,bi
.
We can reformulate weak approximation in the following way.
Definition 2.2. Let X be a smooth projective variety over the function K = k(B)
of a curve B defined over k, where k is either algebraically closed or finite. We say
X satisfies weak approximation at order N if there exists a model pi : X → B of X
such that for J-data:
J = (N ; (b1, . . . , bl)L ; ŝ1, . . . , ŝl) ,
consisting of a nonnegative integerN , a sequence of distinct closed points (b1, . . . , bl)L
⊂ B such that ∑ deg[κ(bi) : k] = L, and a formal power series sections (ŝ1, . . . , ŝl)
where each ŝi is a section of the restriction
pi|
B̂bi
: X ×B B̂bi → B̂bi ,
there exists a regular section σ of pi agreeing with ŝi modulo m
N+1
B,bi
for each i. We
say X satisfies weak approximation if X satisfies weak approximation at any order
N ≥ 0.
We say that X satisfies weak approximation at places of good reduction (of order
N for some fixed N ≥ 0) if this holds for any choices of sequence (b1, . . . , bl)L which
correspond to places of good reduction of X over k(B) (for the given N).
2.2. Iterated blow-ups. Let X be a smooth projective variety over K = k(B) of
dimension n. Assume we have a model pi : X → B of X with a section σ : B → X sm,
where X sm is the smooth locus of pi.
Given the following J-data associated with the model
J = (N ; (b1, . . . , bl)L ; ŝ1, . . . , ŝl) ,
to find a section of the model pi agreeing with (ŝ1, . . . , ŝl) to the N -th order is the
same as finding a section in the N -th iterated blowup associated with J (Proposition
11, [HT06]). To be precise, the iterated blow-up
β(J) : X (J)→ X
is obtained by performing a sequence of blow-ups: blow up X successively N times,
where at each stage the center is the point at which the strict transform of ŝi meets
the fiber over bi. Observe that at each stage we blow up a smooth point of the fiber
of the corresponding model and that the result does not depend on the order of the
bi. The procedure is depicted in Section 3.1 Figure 2.
The fiber of X (J) over B decomposes into irreducible components
X (J)bi = Ei,0 ∪ Ei,1 ∪ · · · ∪ Ei,N
where
• Ei,0 is the strict transform of Xbi .
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• Ei,k = Blri,k(Pn), k = 1, . . . , N − 1, is the blow-up of the intermediate
exceptional divisor Pn at ri,k, the point where the strict transform of ŝi
evaluated at bi of the kth blow-up. Not that we will denote by X (Jk) the k-
th blow-up with respect to the J data and denote by β(Jk) the corresponding
blow-up map X (Jk)→ X
• Ei,N ∼= Pn is the N -th exceptional divisor.
• The intersection Ei,k ∩ Ei,k+1 is the exceptional divisor Pn−1 ⊂ Ei,k, and a
strict transform of a hyperplane in Ei,k+1 for k = 0, . . . , N − 1.
• Each Ei,k is a P1-bundle over the exceptional divisor Pn−1 for k = 1, . . . , N−
1.
Let ri ∈ Ei,N\Ei,N−1 denote the intersection of the strict transform of ŝi with Ei,N ,
and denote the morphism of k-the blow-up over B as
β(Jk) : X (Jk)→ B.
For each section σ′ of β(Jk) : X (Jk) → B, the composition β(Jk) ◦ σ′ is a section
of pi : X → B. Conversely, given a section σ′ of β(Jk), its strict transform in
X (Jk) is the unique section of X (Jk) → B lifting σ′. In particular, given a section
σ′ : X (J) → B with σ′(bi) = ri, that is the section intersects the strict transform
of ŝi, yields a section σ of X → B where σ ≡ ŝi mod mk+1B,bi , for i = 1, . . . , l and for
k = 0, . . . , N .
3. Proof of Theorem 1.1
One of the main ingredients in our proof is the deformation technique developed by
Kolla´r-Miyaoka-Mori [KMM92], which was later used by Hassett-Tschinkel [HT06]
to prove weak approximation at places of good reduction of rationally connected
varieties defined over C(B), the function field of a complex curve. Later Yong Hu
[Hu10] applied this method to prove weak approximation of order 0 at places of good
reduction for cubic surfaces over global function fields. Our approach is motivated
by their works. The key to prove weak approximation of an arbitrary order is to
show uniform boundedness results for the construction of combs, which we prove in
the following section.
3.1. Construction of bounded family of combs.
Definition 3.1. Let k be a field. A comb with n teeth over k is a nodal curve T
over k, where T is a union of m + 1 curves: a curve D and the union of n curves
T1 ∪ · · · ∪ Tn satisfy the following conditions:
• D is a smooth and geometrically irreducible curve, defined over k.
• Each T¯i := Ti ⊗k k¯ is a chain of P1k¯’s.• The union T1 ∪ · · · ∪ Tn is defined over k; however individual curve may not
be defined over k.
• Each T¯i meets D¯ := D ×k k¯ transversally in a single smooth point of D¯;
however the point may not be defined over k.
• T¯i ∩ T¯j = ∅, for all i 6= j.
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Here the curve D is called the handle of the comb and each Ti a tooth.
The construction of comb is crucial to produce sections passing through some
given points. The following lemmas will produce bounded family of sections over an
algebraically closed field (cf. Lemma 3.2) and then over a finite field (cf. Lemma
3.3).
Lemma 3.2. Let pi : X → B be a flat projective family defined over an algebraically
closed field k = k¯, such that the generic fiber is smooth projective and separably
rationally connected. Let H be an ample divisor on X . For any triple of positive
integers (d, L,N), there exists an integer r := r(d, L,N) > 0 such that for any
section σ : B → X sm in the smooth locus of pi, degH (σ) ≤ d and any sequence of
distinct closed points (b1, . . . , bL) ⊂ B, we can construct a comb T together with a
morphism f : T → X which satisfies the following conditions.
(1) The comb T takes B as its handle and the morphism f restricted to B is the
section σ : B → X .
(2) The comb T has r-teeth mapping to r very free curves {T1, . . . , Tr} with
bounded H-degree in general fibers outside (b1, . . . , bL).
(3) The morphism f : T → X is an immersion. In particular, the normal sheaf
NT , defined as the dual of the kernal of the surjection f∗ΩX → ΩT , is locally
free.
(4) If the fiber dimension is at lease 3, then we may choose the immersion f :
T → X to be an embedding.
(5) H1 (B,NT |B (− (N + 1) (
∑
bi))) = 0.
(6) The sheaf NT |B (− (N + 1) (
∑
bi)) is globally generated.
Proof. In our proof, all degrees are taken with respect to the ample divisor H. In
general, by attaching sufficiently many very free curves to σ(B) in general fibers
outside (b1, . . . , bL), one can always obtain a comb that satisfies all conditions in our
Lemma. Note that the existence of very free curves is guaranteed by the separable
rational connectedness of general fibers of pi.
Furthermore, the fixed number r of very free curves one needs to attach so that
the conditions are satisfied for all choices of b1, . . . , bL follows from an upper-semi-
continuity argument. Namely, there exists an integer r > 0, such that for any section
σ : B → X of degree at most d and for any line bundle L ∈ Pic(N+1)·L(B), we can
construct a comb T with handle σ(B), and teeth r very free curves {T1, . . . , Tr} of
bounded degree attached to σ(B) in general fibers along general directions such that
H1(B,NT |B ⊗O(−L)) = 0,
and the normal bundleNT |B (−L) is globally generated. Furthermore we may choose
the morphism to be an immersion (or an embedding if the fiber dimension is at least
3).
So given a sequence of distinct closed points (b1, . . . , bL) ⊂ B, we may choose
general {T1, . . . , Tr} away from the fibers over the points bi, such that
H1
(
B,NT |B
(
− (N + 1)
(∑
bi
)))
= 0,
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and the normal bundle NT |B (− (N + 1) (
∑
i bi)) is globally generated. We have lots
of freedom in choosing the very free curves Ti. In particular we can always choose
the Ti to be immersions, to have bounded degree, and to intersect the section σ
transversely. 
Then we can use the Lang-Weil estimate to prove the following boundedness result
over finite fields.
Lemma 3.3. Let pi : X → B be a flat projective family over a finite field Fq, such
that the generic fiber is smooth projective and separably rationally connected. Let
H be an ample divisor on X . For any triple of positive integers (d, L,N), there
exist integers r > 0, m0 > 0, and d > 0 such that for any m ≥ m0, any section
σ : B → X sm defined over Fqm, degH (σ) ≤ d and any sequence of distinct closed
points (b1, . . . , bl)L ⊂ B defined over Fqm, where
∑
deg[κ(bi) : Fq] ≤ L, we can
construct a comb T together with a morphism f : T → X satisfying the following
conditions.
(1) The comb T takes B as its handle and the morphism f restricted to B is the
section σ : B → X sm.
(2) The comb T has r teeth mapping to r very free curves {T1, . . . , Tr} with
bounded H-degree in general fibers outside (b1, . . . , bl).
(3) The morphism f : T → X is an immersion. In particular, the normal sheaf
NT , defined as the dual of the kernal of the surjection f∗ΩX → ΩT , is locally
free.
(4) If the fiber dimension is at lease 3, then we may choose the immersion f :
T → X to be an embedding.
(5) H1 (B,NT |B (− (N + 1) (
∑
bi))) = 0.
(6) The sheaf NT |B (− (N + 1) (
∑
bi)) is globally generated.
Proof. In our proof, all degrees are taken with respect to the ample divisor H. Let
pi : X → B be a model over a finite field Fq, let S denote places of bad reduction,
and let (d, L,N) be a triple of positive integers. Let r be the number of very free
curves obtained from Lemma 3.2 for the model pi : X → B over F¯q and the triple
(d, L,N).
Consider the space S parameterizing the following data:
a section σ : B → X sm,deg(σ) ≤ d;
a collection of L distinct points (b1, . . . , bL) ⊂ B × . . .×B︸ ︷︷ ︸
L
;
a collection of r distinct points {x1, . . . , xr} ∈ B × . . .×B︸ ︷︷ ︸
r
;
relative tangent directions (v1, . . . , vr) ∈
(
(T relX )|σ(x1), . . . , (T relX )|σ(xr)
)
;

subject to the following requirements:
• The fiber Xbi over each bi is smooth and separably rationally connected.
• The two sets of points {xj}rj=1 and {bi}Li=1 has empty intersection.
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• One can attach r very free curves of bounded degree to σ(B) at {xj}rj=1
along the tangent directions (v1, . . . , vr) to obtain a comb T , such that
H1
(
B,NT |B
(
− (N + 1)
(∑
bi
)))
= 0
and NT |B (− (N + 1) (
∑
bi)) is globally generated.
Let B be the space parameterizing the pair consisting of a section σ of degree at
most d and a collection of L distinct points (b1, . . . , bL) in B\S, where fibers Xbi are
smooth and separably rationally connected. Lemma 3.2 ensures that the fiber of S
over any point (σ, (b1, . . . , bL)) ∈ B is non-empty. Note that the fiber of S over any
point (σ, (b1, . . . , bL)) ∈ B is geometrically irreducible.
Now we can complete the proof by applying the Lang-Weil estimate [LW54]. For
a geometrically irreducible quasiprojective variety U , we take its closure U¯ in some
Pn. Denote by ∂U the complement of U in U¯ . In order to apply the Lang-Weil
estimate to find a rational point in U for every large enough finite field, we need to
bound the numbers deg U¯ , deg ∂U , dimU , n. If we have a family of geometrically
irreducible varieties p : U → T , with U and T quasi-projective, then we can realize
the morphism p as an open immersion into U which is projective over T . Thus there
is a universal bound of the above numbers for each fiber over T . We apply this to
the family S over the base B. Therefore, there exists an integer m′0 such that for
any m ≥ m′0, for any section σ : B → X sm and (b1, . . . , bl)L ⊂ B defined over Fqm ,
there is a Fqm-rational point of the fiber of S over (σ, (b1, . . . , bl)L).
By [KS03, Theorem 2], there exist integers a0 > 0 and d0 > 0 such that for any
m ≥ a0, b ∈ B\S, any κ(b)-point x in Xb, any tangent vector v in the relative
tangent direction T relx , there exists an immersed very free rational curve C ∈ Xb of
degree at most d0 passing through x over Fqm whose tangent direction at x is v.
We take m0 to be the larger of m
′
0 and a0. 
3.2. The induction and the reduction. Section 3.1 provides a construction of
combs with bounded degree, and these combs will be used to construct sections for
weak approximation of a prescribed order in this section. We will adapt notations
from Section 2.
Lemma 3.4. Let pi : X → B be a flat projective family over a finite field Fq.
Assume that there is a section σ : B → X sm in the smooth locus of pi, and the
generic fiber is smooth projective and separably rationally connected. Let H be an
ample divisor on X . Let S ⊂ B denote the finite set of points, the fibers over which
are either singular or not separably rationally connected. Then for any two positive
integers N and L, there exist two integers CN,L, dN,L, both of which only depend on
the numbers N and L, and a bounded family MN,L parameterizing sections in the
smooth locus of pi with H-degree at most dN,L, such that the following is true:
For every m ≥ CN,L, every collection of closed points (b1, . . . , bl)L ⊂ B\S de-
fined over Fqm, with the property that
∑
i deg[κ(bi) : Fqm ] = L, and every sequence
(ŝ1, . . . , ŝl) of formal power series sections of pi over Spec ÔB,b1 , . . . ,Spec ÔB,bl,
there is a section s : B → X sm, parameterized by an Fqm-point of MN,L such
that the section s of pi is congruent to ŝi modulo m
N+1
B,bi
for i = 1, . . . , l.
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Proof. Without specification, all degrees discussed in our proof are taken with re-
spect to H. We use induction on N and take m0(N,L) to be the m0 given in Lemma
3.3. We also adopt notations of iterated blow-ups from Section 2.2.
The case where N = 0 follows from Proposition 3 [Hu10]; that is there exists
a lower bound C0,L, an upper bound d0,L, and a bounded family M0,L and of
sections σ0 : B → X sm of degree at most d0,L , such that for every m ≥ C0,L, weak
approximation at order N = 0 holds at any finite sequence of distinct closed points
(b1, . . . , bl)L ⊂ B\S defined over Fqm .
Assume the statement is true for n = N − 1.
X(JN−1)
X(J) =
Bl{ri,N−1}li=1X(JN−1)
E1,N
r1
σ˜N−1(b1)
E1,N−1
= Blr1,N−1P
n
b1
r1,N−1
b1
r2
σ˜N−1(b2)
b2
r2,N−1
b2
rl
σ˜N−1(bl)
bl
rl,N−1
bl
E′1,N−1  P
n
σ˜N−1
the strict transform of σN−1
in (N − 1)-th iterated blow-up
Figure 1. From (N − 1)-th iterated blow-up to the N -th iterated
blow-up
For n = N and m ≥ CN−1,L , we consider the following J-data,
J = (N ; (b1, . . . , bl)L ; ŝ1, . . . , ŝl) ,
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where (b1, . . . , bl)L ⊂ B\S,
∑
i deg[κ(bi) : Fqm ] = L, and (ŝ1, . . . , ŝl) is a formal
power series sections of pi over Spec ÔB,bi over Fqm . The same as Section 2.2, we
consider the iterated blow-up
β(J) : X (J)→ X (JN−1)→ . . .→ X
associated with the J-data.
By the assumption of induction, we have a bounded family MN−1,L of sections
σN−1 : B → X sm of degree at most dN−1,L, such that
σN−1 ≡ ŝi mod mN−1+1B,bi for i = 1, . . . , l.
In terms of iterated blow-up showing in Figure 1, this is equivalent to the following:
in the (N−1)-th iterated blow-up X (JN−1)→ X , the strict transform of σN−1 meets
the strict transforms of ŝi in exceptional divisors E
′
i,N−1 ∼= Pn , for i = 1, . . . , l. We
denote these intersection points by ri,N−1 for i = 1, . . . , l. Then X (J) is obtained
from blowing up X (JN−1) at ri,N−1 ∈ E′i,N−1 for i = 1, . . . , l.
The fiber X (J)bi decomposes into irreducible components
X (J)bi = Ei,0 ∪ Ei,1 ∪ . . . ∪ Ei,N−1 ∪ Ei,N .
Let ri ∈ Ei,N\Ei,N−1 be the intersection of the strict transform of ŝi and Ei,N , let
σ˜N−1 denote the strict transform of σN−1 in X (J), and let H˜ ⊂ X (J) denote the
pullback of the ample divisor H.
Over Fqm ,m ≥ max(CN−1,L,m0), we can construct a comb TJ with an immersion
fJ : TJ → X (J) as follows. Figure 2 depicts the construction of a teeth of TJ .
Step 1: Take B as the handle and f restricted to B is the section σ˜N−1(B).
Step 2: For the pair of points ri and σ˜N−1(bi), connect them with a line Li,N ⊂
Ei,N ∼= Pn, and Li,N intersects the exceptional divisor Pn−1 ⊂ Ei,N−1 at a
point Pi,N−1 .
Step 3: Since Ei,N−1 is a P1-bundle over Pn−1 = Ei,N−1 ∩ Ei,N , we obtain a P1
passing Pi,N−1 and intersects the exceptional divisor Pn−1 ⊂ Ei,N−2 at a
point Pi,N−2.
Step 4: Repeat the previous step till Ei,1, we obtain a chain of P1’s starting from
Ei,N−1 and end with Ei,1. Let Pi be the intersection between P1 ⊂ Ei,1 and
the exceptional divisor of Ei,0, the proper transform of Xbi .
Step 5: Attach a very free curve Ci at Pi in Ei,0, where Ci meets the exceptional
divisor Pn−1 of Ei,1 transversely at Pi and degH˜(Ci) ≤ d0.
Step 6: Take a chain of N + 1 P1’s as a teeth Ti attached to B at bi. Map the teeth
Ti to the union of Li,N , P1’s, and Ci obtained from the above steps. We
have the bound degH˜(Ti) ≤ d0. This can be achieved by [KS03, Theorem
2]. The number d0 is independent of the points bi.
Since NσN−1 (−N (
∑
bi)) = Nσ˜N−1 , the calculation of [HT06, Lemma 26], combined
with Lemma 3.3, shows that as long as m is at least max(m0, CN−1,L), we can
assemble a new comb over Fqm , still denoted by TJ with a little abuse of notations.
Let pi ∈ TJ be points mapped to ri. The new comb TJ is constructed by attaching r
very free immersed (or embedded if the fiber dimension is at least 3) rational curves
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with bounded H˜-degree (≤ d0) in fibers outside b1, . . . , bl, such that NTJ (−
∑
pi) is
globally generated and has no H1. The H˜-degree of all TJ is bounded from above
by dN,L := dN−1,L + (r + L)d0.
σ˜N−1
Line L1,N , connecting r1 and σ˜N−1(b1)
P1, given by the P1-bundle E1,N−1
over Pn−1
P1, from the P1-bundle E1,1 over Pn−1
Very free curve C1, of degree at most d0
and meets Pn−1 transversly at P1
B
b1
r1, intersection between strict transform of ŝ1
and E1,N
the strict transform σ˜N−1 evaluated at b1
P1,N−1, intersection between line L1,N
and exceptional divisor Pn−1 of E1,N−1
P1,N−2, intersection between P1
and exceptional divisor Pn−1 of E1,N−2
P1, intersection between P1
and exceptional divisor Pn−1 of E1,0
E1,0, strict transform of Xb1 inside
Blŝ1(b1)Xb1
E1,N  Pn
E1,N−1  Blr1,N−1P
n
E1,0
Exceptional divisor Pn−1 of E1,N−1
Exceptional divisor Pn−1 of E1,1
X(J)
N-th iterated blowup
Figure 2. Consider the fiber X (J)b1 of the N -th iterated blow of X
(Figure 1), the solid chain of curves – with C1 at one end, the line
L1,N at the other end – is a teeth of bounded degree of TJ
Now let us consider a base space B parameterizing the following data:
a collection of L distinct points (b1, . . . , bL) ∈ B × . . .×B︸ ︷︷ ︸
L
;
a sequence (ŝ1/m
N+1
B,b1
, . . . , ŝL/m
N+1
B,bL
) of formal sections ŝi;
iterated blow-up X (J), J = (N, (b1, . . . , bL), (ŝ1, . . . , ŝL));
sequence of points (r1, . . . , rL) ∈ (E1,N , . . . , EL,N ),
where ri is the intersection of strict transform of ŝi and Ei,N ;

,
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then let M(J) be a family over B, such that M(J)b over each point b ∈ B param-
eterizing the collection of all sections σ : B → X (J) passing (r1, . . . , rL) such that
β(J) ◦ σ is in the smooth locus of pi and σ has H˜-degree at most dN,L together with
an immersion f to X (J). Each moduli spaceM(J)b has finitely many components.
Consider the closure M(J)b of M(J)b in the moduli space of stable maps. Let
M(J)b denote the coarse moduli space of M(J)b .
For any m ≥ max(m0, CN−1,L), and any Fqm-point b ∈ B, our construction of
comb TJ gives a smooth and non-stacky point of M(J)b . This indicates that there
is always a geometric point in M(J)b , and thus there is a geometrically irreducible
component inM(J)b . A geometric point of the geometrically irreducible component
corresponds to a section σ : B → X (J) passing through r1, . . . , rL. Now we are ready
to apply Lang-Weil estimate and the strategy is the same as Lemma 3.3. Mainly, as
we varying b ∈ B, M(J)b forms a family over a finite type scheme. In this family,
each fiber has bounded dimension, bounded degree, and bounded deg
(
∂M(J)b
)
. All
fibers share a universal bound as they vary in a family. Then Lang-Weil estimate
indicates that there exists CN,L > 0 such that when m ≥ CN,L, there is a Fqm-point
in the interior of M(J)b and hence in the interior of M(J)b .
Finally, we take the family MN,Lof sections of X sm to be the family of sections
whose degree is at most dN,L and agreeing with ŝi modulo m
N+1
B,bi
for i = 1, . . . , l. 
In the following we show that we can go back to a smaller field using the special
geometry of cubic hypersurfaces. The first is a result to “lift” formal sections.
Lemma 3.5. Given a finite sequence (b1, . . . , bk) of distinct closed points of B such
that the fiber Xbi is a smooth cubic hypersurface, and a sequence (ŝ1, . . . , ŝk) of
formal power series sections of pi over Spec ÔB,bi, there is a sequence (ŝ1′, . . . , ŝk ′) of
formal power series sections of pi over Spec ÔB,bi⊗Fq2 but not over Spec ÔB,bi, and a
sequence (L̂1, . . . , L̂k) of lines defined over Spec ÔB,bi such that L̂i∩X = {ŝi, ŝ
′
i, ŝ
′′
i },
where ŝ
′′
i is the conjugate of ŝ
′
i under Gal(Fq2/Fq).
Proof. Let xi be the intersection of ŝi with Xbi .
By Lemma 9.4 [Kol08], given any smooth cubic hypersurface X ⊂ Pn, n ≥ 2 over
Fq, q ≥ 11, and any Fq-point xi ∈ X(Fq), there is a point yi ∈ X(Fq2)−X(Fq) and
a line Li defined over Fq such that Li ∩X = {xi, yi, yσi }, where yσi is the conjugate
point of yi under Gal(Fq2/Fq).
So there are lines L̂i defined over Spec ÔB,bi such that L̂i × Spec κ(bi) = Li and
such that ŝi ∈ L̂i ∩ X . Take ŝ′i and ŝ
′′
i to be the intersection of L̂i with X . 
Now we prove the key reduction lemma.
Lemma 3.6. Let X be a smooth cubic hypersurface defined over Fqk(B). If weak
approximation at order N holds for places of good reduction over Fq2k(B), then weak
approximation at order N holds for places of good reduction over Fqk(B).
Proof. By Lemma 3.5, given a finite sequence (b1, . . . , bl) of distinct closed points
of B such that the fiber Xbi is smooth, and a sequence (ŝ1, . . . , ŝl) of formal power
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series sections of pi over Spec ÔB,bi , there is a sequence (ŝ′1, . . . , ŝ′l) of formal power
series sections of pi over Spec ÔB,bi ⊗ Fq2k but not over Spec ÔB,bi , and a sequence
(L̂1, . . . , L̂l) of lines defined over Spec ÔB,bi such that L̂i ∩ X = {ŝi, ŝ′i, ŝ′′i }, where
ŝ′′i is the conjugate of ŝ
′
i under Gal(Fq2k/Fqk).
By assumption, there is a section s′ defined over Fq2k such that
s′ ∼= ŝ′i ⊗ Fq2k mod mN+1B,bi .
By the choice of ŝ
′
i, s
′ is not defined over Fq2 . Let s′′ be the conjugate section of s′.
Then it satisfies
s′′ ∼= ŝ′′i ⊗ Fq2k mod mN+1B,bi .
Take the the family of line L spanned by s′ and s′′. Note that the family L is
necessarily defined over Fqk . Let s be the third section in the intersection of L and
X . Then this section s meets the approximation requirement by construction. 
We now finish the proof of Theorem 1.1. For any cubic hypersurface defined over
Fq(B), there is a model pi : X → B over B such that for each closed point b ∈ B,
if the corresponding place is a place of good reduction, then the fiber of X over
b is a smooth cubic hypersurface. By using general Ne´ron desingularization [Pop,
Corollary 2.4], we may assume that for the model pi : X → B, there is a section
B → X sm in its smooth locus. Note that any smooth cubic hypersurface is separably
rationally connected. Thus the set S ⊂ B in Lemma 3.4 is just the set of points
over which the fibers are singular. Given the collection of closed points b1, . . . , bl
and the order N ≥ 0 we want to approximate, there is a number M such that weak
approximation at order N holds over these points over Fq2m for any m ≥M by the
Lemma 3.4. Hence, weak approximation at order N for q ≥ 11 at these points of
good reduction follows from Lemma 3.6.
4. Proof of Theorem 1.2
In this section, we will discuss weak approximation for del Pezzo surfaces of
degree 4 at places of good reduction whose residue fields have at least 13 elements
(assuming the existence of rational points) by applying similar ideas from the case
of cubic hypersurfaces (cf. Section 3).
By Lemma 3.4, the set of rational points of a del Pezzo surface of degree at least 4
(in fact any smooth projective separably rationally connected variety) defined over
a global function field is either Zariski dense or empty. The classical geometry of
degree 4 del Pezzo surfaces naturally suggests that one may blow up a point not
contained in the 16 lines and get a smooth cubic surface with a line, and thus one
may reduce the weak approximation problem to the case of cubic surfaces. However,
in our case we cannot use this strategy, at least not in this simple-minded way. The
reason is the following: for a place ν of good reduction, we do not know if there is
rational point over the function field so that after the blow-up this is a place of good
reduction for the cubic surface under our definition (cf. Section 1). More precisely,
it is possible that the central fiber of the family only becomes a weak Fano surface
and the linear system of the anti-canonical bundle contracts some (−2)-curves. This
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could happen if all the Fq-rational points of the fiber are contained in one of the 16
lines.
Hence, instead of using the reduction to cubic surfaces as the above, we will prove
the following lemma, and then weak approximation for del Pezzo surfaces of degree
4 at places of good reductions follows by the same argument as in Lemma 3.4, 3.5
and 3.6 in Section 3.
Throughout the rest of this section, let X be a smooth del Pezzo surface of degree
4 defined over a finite field Fq, and the embedding X ↪→ P4 is given by the anti-
canonical bundle of X.
Proposition 4.1. If q ≥ 13, then given any smooth Fq-rational point x of X, there
exists a plane Π defined over Fq such that the intersection of Π with X consists of
x and three other points, each of which is defined over Fq3.
We need the following lemmas.
Lemma 4.2. If q ≥ 5, then given any smooth Fq-rational point x of X, there exists
a hyperplane H ⊂ P4 containing x defined over Fq such that the intersection of H
with X is a geometrically integral genus 1 curve which is smooth at x.
Proof. The intersection H ∩ X fails to be geometrically integral if and only if H
contains a line or a conic. In the case where H contains a conic not passing through
x, H will contain a “residual” conic (or a chain of two lines) which contains the
point x.
The geometry of del Pezzo surfaces of degree 4 provides us with the following
information.
• Since there are 16 lines in X, we have at most 16(q + 1) hyperplanes con-
taining a line.
• Since there are at most 5 conics containing x, and any hyperplane containing
a conic also contains the plane spanned by the conic, we have at most 5(q+1)
hyperplanes containing a conic.
• There are q + 1 tangent hyperplanes at x.
There are q3 + q2 + q + 1 = (q2 + 1)(q + 1) lines containing x. As long as q ≥ 5, we
can find a hyperplane over Fq with desired properties. 
Lemma 4.3. Let E ⊂ P2 be a geometrically integral degree 3 curve over a finite
field Fq . If q ≥ 13, then given any smooth Fq-rational point x of X, there exists a
line L defined over Fq such that the intersection of L with X consists three Galois
conjugate points, all of which are defined over Fq3.
Proof. We first consider the case E is smooth.
Denote by n (resp. m) the number of Fq (resp. Fq2) points of E. There are three
types of lines we want to avoid.
• There are n tangent lines to E.
• There are at most m−n2 lines which intersect E at one Fq point and two Fq2
(but not Fq) points.
• There are at most 13
(
n
2
)
lines which intersect E at three Fq points.
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Thus there are at most n(n+2)6 +
m
2 lines to avoid. By the Hasse-Weil estimate,
n ≤ 1 + q + 2√q,m ≤ 1 + q2 + 2q. So when q ≥ 13, there is at least one line which
is not of the three types listed above.
If E is singular, then it is either a nodal or a cupidal cubic. In either case there is
a unique singular point. Assume the number of Fq (resp. Fq2) points of E is 1 + n
(resp. 1 +m). Then n = q − 1, q or q + 1, m = q2 or q2 − 1.
There are q + 1 lines containing the unique singular point, n lines tangent to E
at an Fq point, m−n2 lines which intersect E at one Fq point and two Fq2 (but not
Fq) points, at most 13
(
n
2
)
lines which intersect E at three Fq points. By a simple
computation, for any q we can find the desired line L. 
Once these are proved, Proposition 4.1 follows easily.
Proof of Proposition 4.1. We use the hyperplane H ⊂ P4 given by Lemma 4.2, and
take the intersection H ∩ X to get a genus one curve in H ∼= P3. Projecting the
curve from x yields a degree 3 curve in P2 ⊂ H ⊂ P4. Take the plane in H spanned
of x and the line given by Lemma 4.3. This is the plane we want. 
5. Proof of Theorem 1.3
The general idea of the proof is first to approximate the ν-adic points by a rational
point p in a degree 2 field extension K ′ of K, then produce a rational curve in
the original field K containing all the Galois conjugate points of p. Since weak
approximation holds for P1K , we prove weak approximation over the original field
K. This strategy depends closely on the existence of rational curves connecting two
general rational points over a global field, which we discuss below.
Lemma 5.1. Let K be a purely imaginary number field or the function field of a
smooth irreducible curve B defined over a finite field. Let V be a singular cubic
hypersurface of dimension at least 4 with an ordinary double point P which is a
K-rational point. Then given any other K-rational point R, there is a K-morphism
f : P1K → V such that f(0) = P, f(∞) = R.
Proof. We may assume that the line PR spanned by the two points P and R is not
contained in V , otherwise there is nothing to prove.
Without loss of generality, we can assume P is the point [1, 0, . . . , 0] ∈ Pn[X0,...,Xn].
Then we can write the equation of the cubic hypersurface V as X0Q(X1, . . . , Xn) +
C(X1, . . . , Xn) = 0. Denote the coordinate of R by [r0, r1, . . . , rn]. Since the line
PR is not in V , Q(r1, . . . , rn) 6= 0. In particular at least one of r1, . . . , rn is non-zero.
Since the point P is an ordinary double point, the equation Q(X1, . . . , Xn) = 0
defines a smooth quadric hypersurface of dimension at least 3 in Pn−1. By the
assumption on the field K, the set of rational points of this smooth quadric hyper-
surface is Zariski dense. In particular, there is a point S = [s1, . . . , sn] in Pn−1 such
that Q(s1, . . . , sn) = 0 and C(s1, . . . , sn) does not vanish.
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Now consider the k-rational map
φ : Pn−1 99K V
[X1, . . . , Xn] 7→ [−C(X1, . . . , Xn), X1Q(X1, . . . , Xn), . . . , XnQ(X1, . . . , Xn)]
This gives a birational isomorphism between Pn−1 and V . Furthermore, the bira-
tional map φ is a morphism near the point S and [r1, . . . , rn] by the above discussion.
In particular, φ(S) = P, φ([r1, . . . , rn]) = R. Then φ maps the line in Pn−1 connect-
ing S and [r1, . . . , rn] to a rational curve connecting P and R in V . 
The following lemma is essentially proved in [Mad08, Proposition 1.4]. Our ver-
sion has stronger hypothesis and stronger result.
Lemma 5.2. Let K be either a purely imaginary number field or a global function
field and let X be a smooth cubic hypersurface of dimension n ≥ 10 defined over
K. For any two K-rational points x and y, such that the line L spanned by x and
y intersects X at three distinct points x, y, z, denote by Hx, Hy, Hz the projective
tangent hyperplane at x, y, z. Assume the followings hold.
(1) The family of lines passing through x is geometrically irreducible and has
dimension n− 3.
(2) The intersection Hz ∩ X is a singular cubic hypersurface with an ordinary
double point z.
(3) The intersection Hx ∩Hz ∩X is a smooth cubic hypersurface of dimension
n− 2.
Then there is a K-morphism f : P1K → X such that f(0) = x, f(∞) = y.
Proof. By assumption neither x nor y is contained in Hz.
Let tx : X 99K X be the birational involution defined by sending a general point
p to the point q such that x, p, q are colinear. For a point p in Hx ∩ X, not equal
to the point x, such that the line spanned by p and x is not contained in X, the
birational map tx is defined near p and tx(p) = x.
The intersection Hx ∩Hz ∩X is a divisor in Hx ∩X. The locus of points swept
out by the family of lines through x,
Line(x) = {w|w 6= x, and the line spanned by x and w is contained in X} ∪ {x}
is an irreducible divisor and contains the point x by definition. Since Hz does
not contain x, the intersection Hx ∩ Hz ∩ X is not contained in Line(x). By the
assumption on the field K, there is a K-rational point u in the intersection Hx∩Hz∩
Z. This is clear if K is a global function field. For the case of number fields, this is
proved in [BV14]. By [Kol02, Thereom 1], the intersection is then unirational and
thus has a Zariski dense set of rational points. In particular, there is a K-rational
point u such that the birational involution tx is defined around u. Lemma 5.1 shows
that there is rational curve in Hz ∩ X, thus also in X, containing the two points
z and u. Then the birational map tx maps the rational curve to a rational curve
containing x and y. 
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Theorem 5.3. Let X be a smooth cubic hypersurface in Pn, n ≥ 11 defined over a
global field K, which is either a purely imaginary field or Fq(B), the function field
of a curve B defined over a finite field Fq of characteristic not equal to 2, 3, 5. Then
X satisfies weak approximation.
Proof. Under the assumptions, there exist K-rational points of X. This is clear if
K is a global function field. For the case of number fields, this is proved in [BV14].
Then by [Kol02, Theorem 1], the intersection is unirational and thus has a Zariski
dense set of rational points. Choose x to be a general point such that
• The family of lines through x is geometrically irreducible and has dimension
n− 3.
• Denote by Hx the projective tangent hyperplane at x. Then the projective
tangent cone of Hx ∩X has an ordinary double point at x.
These two properties can be achieved since the set of points in X satisfying these
properties is non-empty and Zariski dense ([Tia15, Lemma 5.4, 5.7]).
Denote by xν the Kν-rational point induced by x for each place ν. Given finitely
many places ν1, . . . , νk and any νi-adic point yνi which we want to approximate, let
Mi be the line spanned by xνi and yνi . Without loss of generality, we may assume
that the line Mi intersect the cubic hypersurface at a third point zνi different from
xνi and yνi . We may also assume that the points zνi are general points such that
• The family of lines through zνi is geometrically irreducible and has dimension
n− 3.
• Let Hzνi be tangent hyperplane at zνi . Then Hzνi ∩ X is a singular cubic
hypersurface with an ordinary double point zνi .
• The intersection Hxνi ∩Hzνi ∩X is a smooth cubic hypersurface of dimension
n− 2.
For any pre-specified order of weak approximation, there is a line M defined over
K which approximates all the Mi’s to that order and contains the point x. This
follows from weak approximation for the space of lines M ⊂ X containing x, which
holds as this space is isomorphic to PdK for some d.
If the line M intersect X at two K-rational points y, z, then by Lemma 5.2, there
is a rational curve containing them (note that our assumptions on zνi imply the
assumptions of the lemma). In particular, the base change of this rational curve to
Kνi contains Kνi points which approximate the points yνi to order N . Then the
theorem follows since we know weak approximation holds for P1K and thus can find
a rational point in P1K which approximates the νi-adic points.
Now assume the line M intersect X at two points y, z which are defined over a
separable degree 2 field extension L/K. By construction, the irreducible (over K)
degree 2 zero cycle y + z is close to the degree 2 zero cycle yνi + zνi in the νi-adic
topology for each νi.
In the following we will show that there is a rational curve defined over K which
contains the degree 2 zero cycle y + z. Once we know this, the theorem follows for
the same reason as above.
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Consider the Weil restriction of scalars ResL/KXL and the K-rational dominant
map ResL/KXL 99K X. After base change to L, the Weil restriction is isomorphic
to XL×XL and the rational map maps a general pair of points (u, v) to w such that
u, v, w are colinear (c.f. [Man86, Section 15, Proposition 15.1], [Kol08, Example 3.8,
Exercise 3.11], and a detailed discussion of the former two in [Tia13, Construction
2.1]).
Recall that by the universal property of Weil restrictions, a K-morphism f :
P1K → ResL/KXL is the same as an L-morphism g : P1L → XL; and an L-point of
ResL/KXL is the same as two L-points of XL.
There are two L-rational points u, v of ResL/KXL, which are mapped to z and y
respectively, i.e. the points corresponding to the pair of L-rational points (x, y) and
(z, x). Moreover these two points are conjugate to each other by the Galois group
Gal(L/K).
So it suffices to show that there is a rational curve over K which contains one of
the two Galois conjugate L-rational points u, v of ResL/KXL. This is equivalent of
showing that there is a rational curve defined over L containing x and y (or a rational
curve defined over L containing x and z), which follows from Lemma 5.2. 
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